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THE SHRINKING LEMMA

HENNO BRANDSMA

Theorem (Shrinking lemma). Suppose X is normal, and {Ui; i = 1, . . . , n} is a
finite open cover of X. Then there exist open sets Wi such that closure of Wi is
contained in Ui and {Wi : i = 1, . . . , n} is still an open cover of X.

Question. How can the shrinkning lemma can be generalized to an infinite cover
as long as it is point-finite, i.e., each point of X is in at most finitely many covering
sets?

Indeed it can be proved by transfinite induction. So let (Uα)α∈γ be a point-finite
open cover of X (a normal space) indexed by an ordinal γ. So we assume that the
index set is well-ordered, for this we use the axiom of choice. (By the way, there
also is a proof of the lemma using Zorn’s Lemma, so also using choice. But that is
not transfinite induction).

We want to prove that there are Vα whose closure is contained in Uα, such that
the Vα also cover X. We induct on α, and we want to prove

(?) {Vβ : β < α} ∪ {Uβ : β ≥ α} covers X for all α < γ + 1.

We see that this statement is true for α = 0, we then consider just the fact that
the Uα are a cover.

Let the statment (?) be true for α. We want to prove it for α + 1 (successor
step). (In this we also have to produce our Vα).

To this end, consider A = X \ (
⋃
{Vβ : β < α} ∪

⋃
{Uβ : β > α}). So we throw

all sets from our cover (by induction) away, except Uα. So A ⊂ Uα (all points in A
must be covered and can only covered by Uα), and A is closed. By normality there
is a Vα (open) such that

A ⊂ Vα ⊂ clVα ⊂ Uα.
So all points of A are vovered by Vα as well, so {Vβ : β < α+ 1}∪ {Uβ : β ≥ α+ 1}
covers X, and this is the statement (?) for α+ 1.

Note that we haven’t used point-finiteness yet! So if there is no limit stage (i.e.,
γ is finite) the statement is already proved.

So assume that alpha is a limit, and that for all δ < α (?) holds. We want to
prove that the cover O = {Vbeta : β < α} ∪ {Uβ : β ≥ α} is still a cover of X. So
suppose not. Then some x is not in the union of this latter collection. But x is in
finitely many Uα, say x is in (exactly) Uα1 ,. . . ,Uαn . All of these αi must be less
than α by assumption. But take a δ < α, but larger than all α1,. . . , αn (this uses
that α is a limit). Then x is covered by {Vβ : β < δ} ∪ {Uβ : β ≥ δ}. It cannot
be in the Uβ ’s so it must be in some Vβ , hence it is covered by the first cover O as
well. A contradiction!

The limit step is now also done. The lemma now follows: the statement (?) for
α = γ is what we have to prove.
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