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NETS, CLUSTER POINTS AND THE TYCHONOFF THEOREM

HENNO BRANDSMA

Some terminology

A net is a map from a directed set into a topological space X. We will denote
the image of an element i of such a directed set mostly with xi,yi etc. A net is said
to be frequently in A for some subset A of X iff for all i in I there is some j ≥ i
such that xj in A. A net is said to be eventually in A iff there is an i0 in I such
that for all i ≥ i0, xi is in A. A point x in X is a cluster point of the net (xi) iff the
net is frequently in all neighbourhoods of x. The net (xi) converges to x iff (xi) is
eventually in all neighbourhoods of x. The tail sets of (xi) are the sets Ti (i in I)
where Ti = {xj : j ≥ i}. Note that the Ti have the finite intersection property, by
the directedness of the index set I, so they generate a filter, the filter of tails.

Then a point x is a cluster point of (xi) iff x is in cl(Ti) for all i (iff it is a cluster
point of the filter of tails). And (xi)→ x iff the filter of tails converges to x. This
already shows that there is a close relationship between convergence of filters and
convergence of nets.

But, two things are easy in the theory of filters: there is a notion related to
subsequence in the usual sequence-sense: namely a larger filter (superfilter). If x
is a cluster point of a filter F , then all neighbourhoods of U intersect all elements
of F , so F and these neigbourhoods together generate a larger filer F ′, and this
F ′ converges to x by definition: all its neighbourhoods are in it. This corresponds
nicely to the statement from sequences: for every cluster point of a sequence (xn)
(n in N) there is a subsequence that converges to x. Here we have: for every cluster
point of F there is a larger filter that converges to x. But, what of nets? The
notion of subnet is not straightforward: e.g., we cannot take a cofinal subset of I.
If we do, we cannot get the above theorem we would like to have for nets: for every
cluster point x of (xi) there is a subnet of (xi) that converges to x. This does not
hold if we take cofinal subset (as in the case of subsequences). [I won’t give an
example now, maybe later.]

Subnets

There is a good notion of subnet, however, but is not very intuitive at first. Here
it is: the net (yj) (j in J , J a directed set) is a subnet of (xi) (i in I) iff there is a
map f : J → I such that

(1) yj = xf(j) [i.e., it consists of points of the original net.]
(2) For all i in I there is a j in J such that j′ ≥ j implies f(j′) ≥ i. [If the i

get larger, so do the j, in a way.]

For the set-theory minded: Note now that there is not a set of subnets for a
given net (xi), this is a class: we can always take J = I × P where P is some
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arbitrary directed set, with the product order and the projection π1 as f . For P
we can take power sets, e,g., to see that they get as large as we like.

A cluster point of the subnet (yj) is also one for (xi): let x be a cluster point
for (yj), pick a neighbourhood O of x, then choose i0 in I. Let j0 be the index in
J given by (2). As x is a cluster point of (yj), we now there must be some jgej0
with yj in O, then, by (1), xf(j) = yj in O, and f(j) ≥ i0, by (2). This shows that
x is a cluster point for (xi) as well.

Cluster points and subnets

Now the theorem:

Theorem. Let x be a cluster point of (xi). Then there is a subnet (yj) of (xi) such
that (yj) converges to x.

Proof. J = {(i, U) : U is a neighbourhood of x, and xi is in U}. Use the product
order: (i1, U1) ≤ (i2, U2) iff i1 ≤ i2 and U2 is a subset of U1. This is a directed set.
Define yj = y(i,U) = xi, and let f be the projection on the first coordinate. Then
(1) is satisfied, and (2) is also trivially satisfied. (To see this, for i in I pick (i, U0),
U0 any neighborhood of x.) We added the neighbourhoods to make yj converge to
x: Fix any neighbourhood U of x. Take any i0 such that xi0 is in U (this happens
frequently by the fact that x is a cluster point), and define j0 = (i0, U) in J . Claim:
for all j ≥ j0, yj is in U . If j ≥ j0, then j = (i, U ′) with i ≥ i0 and U ′ ⊂ U and
xi ∈ U ′. But yj = xi ∈ U ′ ⊂ U , so yjisinU , as required. So (yj) converges to
x. �

Universal nets

Another thing about filters is that we have so-called ultrafilters: maximal ones,
under inclusion. So these are a sort of minimal subsequence (remember that a sub-
sequence corresponds to a larger filter). The proof is a straightforward application
of Zorn’s Lemma. Do we have such things in nets as well? It turns out that we
have, and they are called universal nets.

A net (xi) is called a universal net iff for all sets A we have that (xi) is eventually
in A or eventually in X \ A. Equivalently: if (xi) is frequently in A then it is
eventually in A (for all subsets A of X). Note that this implies that if a universal
net has a cluster point, it converges to it. All this is very similar to ultrafilters.

Theorem. Every net has a universal subnet.

Proof. Let (xi) be a net, and let F be the filter of tails. This F is contained in an
ultrafilter U (Zorn’s Lemma). Define a net yj as above: J = {(i, A) : A ∈ U, i ∈
I, xi ∈ A} with (i1, A1) ≤ (i2, A2) iff i1 ≤ i2, and A2 ⊂ A1. yj = y(i,A) = xi, and f
is the projection π1. J is directed, and by the same reasons as above (in the cluster
point theorem), we have that (yj) is a subnet of (xi).

Claim: yj is a universal net. Suppose that yj is frequently in A. Take an A1 in
U . Pick some i in I. Ti is in F hence in U , so A1 intersects Ti, so there is a i0 ≥ 1
such that xi is in A1. So j = (i0, A1) is in J . As yj is frequently in A, there is some
j′ = (i1, A2) such that j′ ≥ j and yj′ in A. But A2 ⊂ A1, and yj′ = xi1 ∈ A2 ⊂ A1,
so yj is in A and in A1. Hence, A intersects all A1 in U . So U ∪ {A} generates
a filter as well, and as U is maximal, we must have that A in U . Now, define
j0 = (i1, A) (we have seen that xi1 is in A) and if j = (i, A′) is ≥ j0 we have that
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yj = xi ∈ A′ ⊂ A, so that yj is in A for all j ≥ j0. Hence (yj) is eventually in A as
well. This shows that (yj) is a universal net, as required. �

Simple fact: a subnet of a universal net is universal. (This is an exercise in
definitions.)

Another simple fact: if f : X → Y is any function and (xi) is a universal net in
X, then (f(xi)) is a universal net in Y . (If f(xi)) is frequently in A ⊂ Y then (xi)
is frequently in f−1(A), so (xi) is eventually in f−1(A), so (f(xi)) is eventually in
A.)

Tychonoff theorem

Now we are ready to prove the Tychonoff theorem using nets:

Proof. Let (xt) (t in T ) be a net in X =
∏

(Xi)iinI . Let (ys) (s in S) be a universal
subnet of (xt). Then each πi(ys) is a universal subnet in Xi, and so has a cluster
point xi in Xi, by compactness (using the compact iff every net has a cluster point
theorem). But then πi(ys) → xi (for all i), because a universal net converges to
any cluster point (it’s frequent in every neighbourhood, so it’s eventually in any
neighborhood of x). But the net ys converges to (xi) iff for all i πi(ys) converges
to xi ( characterisation of the product topology). So ys converges to (xi), so ys has
x = (xi) as a cluster point(triviality), but then (xt) has x as a cluster point as well.
So by the same compact iff . . . theorem, the product is compact. �

The Axiom of Choice is used twice here: first to get the universal subnet, then
to pick a point of convergence xi (the convergence is only unique in T2 spaces!). In
T2 spaces we only need one application of the Axiom of Choice.


