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In the literature there are several ways to consider logical systems: sets of formulas, consequence
relations between sets of formulas and formulas (called deductive systems in [3]), consequence relations
between sets of sequents and sequents (called Gentzen systems in [14]), etc. In this contribution we
restrict our interest to Gentzen systems and to the natural generalization of deductive systems for logical
systems lacking some structural rules, i.e., consequence relations between finite sequences of formulas and
formulas (what it is analogous to consider sets of sequents). We will use the word deductive system for
this generalization. The purpose of this contribution is to analyze the fragments of the Gentzen systems
determined by the Gentzen calculi, including the cut, FLew [8,9] and its involutive extension (we take
as primitive connectives ∨,∧, ∗, 0, 1,→ and ¬) and to analyze some deductive systems associated with
them. We focus in two deductive systems: those which in the terminology of [2] are called the external
deductive system associated with FLew and the internal deductive system associated with FLew (see
[14,4]).

It is well known that the Gentzen system determined by FLew is algebraizable [1]. In the contribution
we discuss what happens with its fragments. The most interesting cases are the fragment given by ∗
and the fragment given by ∗ together with ¬. Although these two fragments are not algebraizable it
results that they become algebraizable by using the new sense described by Pigozzi in [12] being their
counterparts, respectively, the partially ordered variety of monoids and the partially ordered quasivariety
of pseudocomplemented (with respect to the fusion) monoids. We stress that for the case of the involutive
extension the fragment given by ∗ together with ¬ is already algebraizable in the normal sense being the
equivalent quasi-variety semantics the quasi-variety of Grǐsin algebras [5].

For the case of the external deductive system associated with FLew all structural rules hold, so what
we obtain is also a deductive system in the sense of [3]. It is well known that this system (also known as
Monoidal Logic [7], HBCK [11], and IPC∗\c [1]) is algebraizable being its equivalent variety semantics the
variety of commutative integral bounded residuated lattices [10]. In this contribution we prove that this
deductive system cannot be axiomatized by using Tarski-style conditions [15], i.e., by using conditions
imposed on the consequence operator which involves exactly one connective. This result contrasts with
the result of Grzegorczyk [6] stating that intuitionistic logic (i.e., the external deductive system associated
with FLewc) is axiomatized by using a finite number of Tarski-style conditions.

Besides the previous deductive system we consider the internal deductive system associated with FLew,
which essentially corresponds to the sequents that are derivable in FLew. This system trivially has a
Tarski-style axiomatization, simply write as Tarski-style conditions each one of the rules in the calculus
FLew; and this is also true for all its fragments (cf. [6,13]). We check that the internal system is a
proper subsystem of the external one and that it is properly substructural (because it does not satisfy
the contraction rule). In this occasion it does not have any sense to discuss algebraizability because
contraction does not hold, but at least it is well known an algebraic completeness theorem.
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(1) R. Adillon and V. Verdú. On a contraction-less intuitionistic propositional logic with conjunction
and fusion. Studia Logica, Special Issue on Abstract Algebraic Logic, 65(1):11–30, 2000.

(2) A. Avron. Simple consequence relations. Information and Computation, 92:105–139, 1991.
(3) W. J. Blok and D. Pigozzi. Algebraizable logics, volume 396 of Mem. Amer. Math. Soc. A.M.S.,

Providence, January 1989.
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